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ABSTRACT 

In this paper, we show that the physical information given by conserved 
charges for asymptotically AdS spacetimes in Einstein-Gauss-Bonnet AdS grav¬ 
ity is encoded in the electric part of the Weyl tensor. This result generalizes the 
conformal mass definition by Ashtekar-Magnon-Das (AMD) to a gravity theory 
with a Gauss-Bonnet term. This proof makes use of the Noether charges obtained 
from an action renormalized by the addition of counterterms which depend on 
the extrinsic curvature (Kounterterms). If the asymptotic fall-off behaviour of 
the Weyl tensor is same as the one considered in the AMD method, then the 
Kounterterm charges and the AMD charges agree in any dimension. 
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1 Introduction 

The AdS/CFT correspondence has been studied is great detail over the years [1]. It is one of 
the most striking relations between a theory of gravity and a theory without gravity [2-4]. 
The central premise of this correspondence is that all the information stored in the theory of 
gravity is contained in the information stored in the boundary theory, and vice versa. As far 
as the theory of gravity is concerned, this fact was known in a different guise much before 
the holographic relationship was proposed in the AdS/CFT correspondence. For example, 
it was known that one cannot dehne local observables in the theory of gravity, which in 
turn implies that one cannot dehne local energy-momentum tensor out of the metric. The 
only sensible dehnition of the energy-momentum tensor is the quasi-local energy-momentum 
tensor dehned on the boundary. 

Asymptotic symmetries and conserved charges do depend on the bulk geometry and 
there are various ways one can dehne conserved charges by studying asymptotic symmetries. 
Among them, the Ashtekar-Magnon-Das [5, 6] (AMD) method applies Penrose’s conformal 
transformation to determine conserved charges in the asymptotically AdS (AAdS) spaces. A 
dehning feature of this method is that all information about the charge is contained in the 
electric part of the Weyl tensor, 

d = (1.1) 

Here, is the normal vector to the boundary, whose local coordinates are x\ 
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In Einstein gravity, AMD charges are obtained by conformal completion techniques applied 
to AAdS spaces. The conformal mapping between the physical metric (a given solution 
of the Einstein equations) to an unphysical one, serves the purpose of defining 

a regular boundary, as long as the conformal factor D vanishes on the boundary and its 
derivative is hnite. In doing so, the conformal mass is encoded in the electric part of the Weyl 
tensor for Suitable rescaling of tensorial quantities make the charge formula expressible 
in terms of the tensor dehned in Eq.(l.l), instead. 

In Ref. [7], it was shown that in arbitrary dimensions the AMD conserved charges for 
asymptotically AdS spaces can be derived from the extrinsic curvature counterterms (Kounter- 
terms [8, 9]) when the bulk gravity action was given by the Einstein-Hilbert action. In 
this gravity theory, the on-shell Weyl tensor is equal to the AdS curvature tensor 

-^a /3 ~ F asymptotic behaviour of the Weyl tensor in the radial direction 

is = 0{l/r^~^). These features of the theory in addition to the fact that the Koun- 
terterm charge factorizes over the AdS curvature projected to the boundary, are the key 
ingredients in proving the equivalence of the Kounterterm mass and the conformal mass. 

In this paper, we will take up the problem of computing the conformal mass in the Einstein- 
Gauss-Bonnet (EGB) AdS gravity using the Kounterterm method in arbitrary dimensions. 

In the EGB-AdS case, the on-shell Weyl tensor is not equal to the AdS curvature tensor, 
i.e. The difference, however, is subleading in r. As the first step in deriving 

the conformal mass, we will show that in the EGB theory the difference between these two 
tensors is -f This is true provided we dehne the AdS curvature 

in terms of the effective AdS radius. 

We show the asymptotic relation between and only on a class of solutions. 

However, we expect that it holds generically for localized conhgurations in AAdS spacetimes. 
We then prove that the Kounterterm charges in EGB AdS gravity in all dimensions also 
factorize by the boundary AdS curvature. After these steps, the calculation of the conformal 
mass is the same as in Einstein-Hilbert case. The obtained result matches the one of Pang 
[10], up to replacing the AdS radius by the effective one. 


2 Fall-ofF of the Weyl tensor in EGB AdS gravity 

Let us consider the F-dimensional spacetime Ai endowed with the metric g^v{x) whose 
dynamics is described by the gravity action with the Einstein-Hilbert term, the cosmological 
constant term and the Gauss-Bonnet term. The Gauss-Bonnet term is a specific quadratic 
combination of the Riemann tensor R^v\p, the Ricci tensor and the Ricci scalar F, 

/egb = J [R-2A + a{R^ - AR^yR^’^ + RpyXpR^^^^] , (2-1) 

M 

where the cosmological constant term is related to the AdS radius i by the relation A = 
and G is the F-dimensional gravitational constant. The Gauss-Bonnet coupling 
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a is a dimensionful parameter with spatial scaling dimension 2. If this parameter is related 
to the string tension, it takes only nonegative values. 

The Gauss-Bonnet term is important when the spacetime dimension is D > 5. For D = A, 
the Gauss-Bonnet term is a topological invariant and therefore does not contribute to the 
equations of motion. It can, however, modify the boundary dynamics owing to the fact that 
it is a total derivative term in four dimensions. In dimensions less than four, the Gauss- 
Bonnet term vanishes identically. For later convenience, we will use the notation C for the 
Lagrangian density to denote the term in the square brackets in (2.1). 

The equation of motion derived from the action (2.1) takes the form 

f^= + + = (2.2) 

where the Lanczos tensor is the contribution coming from the variation of the Gauss- 
Bonnet term. This requires giving a prescription for the variational principle for the manifolds 
with boundary. For the Einstein-Gauss-Bonnet theory we need to provide a generalized 
Gibbons-Hawking term at the boundary for consistency of the variational principle. This 
has already been done in the literature [ 11 , 12 ], what we will discuss in the next section. 
Since the Gauss-Bonnet term contains Riemann tensor, it is useful to write variation of the 
Riemann tensor in terms of variation of the Riemann-Ghristoffel connection 

sKx, = . (2.3) 

Using this expression for variation of the Riemann tensor, the Lanczos tensor can be written 
as 

rr/2 _ __ r[/2/21'"/24] t)U\U2 (Q AA 

The tensor used in the dehnition of the Lanczos tensor in (2.4) is the totally anti¬ 

symmetric product of p Kronecker delta symbols (see Appendix A). 

The AdS space is a solution to the Eq.( 2 . 2 ), but with a different than £ radius when a 0. 
We will call it the effective AdS radius, Gfr, which can be derived from the following condition 

+ 4 = a’^ a(D - 3){D - i). (2.6) 

Since the equation is quadratic in there are two AdS solutions with different effective 
radii when 0 7 ^ a* < £^/4. The case where both AdS radii become the same {a* = i‘^/4) 
represents an isolated point of the theory, as the asymptotic behavior of the curvature is 
radically different. In hve dimensions, this particular value of the GB coupling is referred to 
as the Ghern-Simons point, with black holes solutions which are almost of constant curvature 
[13]. In higher dimensions, it corresponds to a particular case of a large family of theories 
known as Lovelock Unique Vacuum [14]. 
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After manipulating the equation of motion (2.2) and denoting H = we can write the 
following two on-shell conditions for the Ricci tensor and the Ricci scalar, 


K 


R 


a 

D-2 


- aHi: 


D - 1 




2 

D-2 



D{D-l){D-2) \ 
2P ) 


( 2 . 6 ) 

(2.7) 


Using Eq.(2.6) and (2.7), the on-shell Weyl tensor can be written as 

_ ^ xU td'A j_^_ xImH 

^a/S - ^_2 V"/3]+ p_l)P_ 2 ) V] 


= _L Jl I ^ 

^afi ' £2 ^a/3 '[) — 2 


x[m ttv] 


D-l U/3] 


( 2 . 8 ) 


where 

The AdS space is a maximally symmetric solution to the equations of motion of the 
Einstein-Hilbert action with negative cosmological constant. It is conformally flat space and, 
as a result, the on-shell Weyl tensor ^ in this background vanishes. In 

what follows, we will refer to this tensor as the AdS tensor with appropriate AdS radius. 


In the Einstein-Gauss-Bonnet theory, however, the AdS solution is a bit different, because 
it has a different effective cosmological constant (equivalently, different AdS radius). As a 
result, the AdS tensor ^ <5^^ in the Einstein-Gauss-Bonnet theory differs from 

the Weyl tensor. We can write the Weyl tensor (2.8) as 




^a/3 


-^0/3 ^2 ®a/3 ^a/3 ’ 

^eff 

« x[/^ TTi'] _ ( 2a R a{D - 3)(R> - 4) ^^ 

/)_2 [“ \{D -1){D -2)^ ) [“^1 


(2.9) 

( 2 . 10 ) 


Glearly, when a = 0, the difference between the AdS curvature and Weyl tensors vanishes as 
expected, = 0 . A question is what is the behaviour of X^p for a 7 ^ 0. 


We will now use a heuristic argument to deduce a fall-off of the tensor X^p. In the original 
discussion by Ashtekar and Das [ 6 ], the fall-off of the Weyl tensor in EH AdS gravity was 
based on dimensional analysis. Namely, the Weyl tensor vanishes identically for the global 
AdS space, so the difference between lU|Ads ^ ^ non-vacuum state with 

total mass M, which should satisfy W — lU|Ads ~ asymptotically. Since the only other 
dimensionful quantity is the radial coordinate, dimensional analysis leads to the asymptotic 
relation W^p ~ GM/r^~^. 


On the other hand, the Weyl tensor is on-shell equal to the AdS tensor in EH gravity, 
X|eh = 0. Thus, in EGB AdS gravity, the difference between the Weyl and AdS tensors 
is proportional to the GB coupling and a quadratic mass correction of a non-vacuum state, 
that is W — X|ejj ~ a (GM)^. This, in turn, implies the units (length)”^ of the tensor X^p 
when its fall-off is of the form 


-^al3 


a ■ 


{GMf 

r2D-2 


( 2 . 11 ) 
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We will prove that this asymptotic behavior is suitable for static black holes in EGB theory. 


Let us consider the Einstein-Gauss-Bonnet AdS-Schwarzschild solution [15, 16] 


ds^ = -f{r)df + + r'^'^rnndVrdQd" , 

f{r) 


/(r) = k + 


2a* 


1 ± Wl-4W 


/i 


£2 y.D-1 


( 2 , 12 ) 


where 'jmn is the metric on a (H — 2)-dimensional constant curvature Riemannian space with 
being the local coordinates, and k = 0, 1, or —1 represents flat, spherical and hyperbolic 
metric on the {D — 2)-dimensional space transverse to r and t. There are two branches of the 
theory and both of them have AdS asymptotics, with the effective radius given by Eq.(2.5), 
that is. 




2a* 


1 ±\ 1 - 


4a* 


a < 


P 


( 2 . 13 ) 


Without loss of generality of the results, we shall choose one particular (non-degenerate) AdS 
vacuum with radius £es- 


The Lanczos tensor can now be evaluated in this black hole background. More details of 
the Lanczos tensor in this background are given in Appendix B. It is convenient to dehne 
a function P(r) = , so that the Lanczos tensor can be written in a simpler form. In 

addition, it will be helpful in the study of the asymptotic behaviour of the solution. Let us 
hrst rewrite the Lanczos tensor (B.2), (B.3) in terms of P(r), 


h: = m = 


(£>-2)(0-3)(£>-4)^j_,^^, 


2rD-2 


Tjn _ 

- 


{D-3){D-4) 


r^P" + 2(D -l)rP' + {D - 1)(D-2)P 


( 2 , 14 ) 


The function P(r) evaluated on the solution reads 


P 


1 

4q!*2 


1 + 1 



4a*/i 

^D-l 



( 2 , 15 ) 


The asymptotic expansion of P(r) will be convenient for analyzing the asymptotic behavior 
of the solution. The small parameter of the expansion is a dimensionless constant e = 
4a*u/r'^“^ << 1. We note that the constant 1 — appearing under the root can be either 

*eff 

positive or negative since, according to (2.13), we have 


1 - 




( 2 . 16 ) 
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Thus, the expansion will not depend on the choice of a particular branch. We obtain 


P 

rP' 


r^P" 


2/i 


1 

<5 + (to- - 


+ 0(l/r--). 


__11/^_+ C>(l/r2^-2) 

{2a* - ^ ^ ’ 

‘^D{D — l)p ^ ! 2D-2\ 


(^D-lp) 

rD-2 


{2a* — £lg) 




(2.17) 


■'eff 


Using this leading behavior of P{r), we hnd that all mass terms cancel out in the asymptotic 
expansion and the asymptotic behavior of the Lanczos tensor evaluated on this solution is 




(2.18) 


Substituting this behaviour of Pf’^ in Eqs.(2.9), (B.4), a fall-off of the tensor that describes 
the difference between the Weyl and the AdS curvature tensors can be evaluated as 


x^; = o{iy^-^), ( 2 . 19 ) 

in agreement with Eq.(2.11). Also note that the asymptotic expansion of the function P{r) 
dehned in (2.15) is in the small quantity 4:a*fi/r^~^, that is aGM/r^~^, and the hrst non¬ 
vanishing term is quadratic in mass, in accordance with (2.11). 

In the next section we will utilize this leading behavior of these tensors to determine 
conserved charges in this theory. We will derive this result using the Kounterterm method. 


3 Conformal charge for EGB-AdS gravity 

In this section we determine the conserved charges in Einstein-Gauss-Bonnet AdS gravity. In 
order to derive equations of motion, we need to dehne a variational principle for a theory of 
gravity. If the theory is dehned on a manifold with boundary, we need to impose boundary 
conditions on the metric so that the action has an extremum on-shell. The Dirichlet boundary 
condition on the metric can be imposed by adding (generalized) Gibbons-Hawking terms to 
the action which cancel variations of the extrinsic curvature coming from the variation of the 
bulk action. In case of AdS-like geometries where the boundary is dehned along the radial 
direction, it is convenient to write the metric in the Gauss-normal coordinates, 

ds"^ = g^ydx^dx'^ = N‘^{r)dr‘^ + hij{r, x)dx'‘dx^ . (3.1) 

The Gibbons-Hawking term is then written in terms of the extrinsic curvature Kij{h) and 
the intrinsic curvature of the boundary 7V^i{h). The extrinsic curvature is given by the Lie 
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derivative of the induced metric hij{r, x) on the boundary along the outward pointing normal 
vector rifj, = {nr,ni) = {N,0), 

K - --r h - 

2 ” 2N dr ■ 

The intrinsic curvature of the boundary can be reexpressed in terms of the bulk Riemann 
curvature tensor and the extrinsic curvature of the boundary, 

Ka(ft) = -ffg(s) + kik; - K;Ki . (3.3) 


Then, the generalized Gibbons-Hawking term [11, 12] for the Gauss-Bonnet theory has the 
form 


'GGH — 




SttG 


dM 


5*2 <5*3 

_ -^2 _ \- 2 fy { - 

{D-2){D-3) V2 ^2^3 


- 

2 J2 J3 


J SttG 

dM 


K + 2aK - GA - y KiK'^Kl - iaffUi, 


, (3.4) 


where Qij = TZij — \ 'R- hij is the Einstein tensor derived from the induced metric hij on the 
boundary. 


In addition to the boundary Gibbons-Hawking term, we also need to introduce local 
counterterms at the boundary to take care of divergences. In the AdS/GFT correspondence, 
these terms are derived using holographic renormalization technique. However, this method 
becomes cumbersome as one departs from the Einstein gravity and includes higher-derivative 
terms. There are various proposals to handle higher-derivative terms, but all of them seem 
to work in specihc dimensions. The Kounterterm regularization scheme [8, 9, 17], where 
the boundary term explicitly depends on the extrinsic curvature Kij, comes to rescue at 
this point. In this scheme, depending on even or odd dimensions, the counterterms are 
either written in terms of topological terms, or in terms of the Ghern-Simons form in those 
dimensions. In the Kounterterm regularization method, the generalized Gibbons-Hawking 
term (3.4) is not added to the action, but the total action can be written as 


7ren — ^eGB + C_D_l / ^X Bd-I ■ (3.5) 

dM 

Here, C£)_i is a specihc dimension dependent constant and B£)_i is the Kounterterm action 
which is written in terms of both the boundary extrinsic curvature and the boundary intrinsic 
curvature. The form of B^-i depends on whether D is even or odd. The explicit form of the 
Kounterterm will be discussed later for D even, as well as D odd. 

Equation (3.5) gives a well-dehned prescription for variation of the metric. Extremization 
of the total action is then given by 

diren ~ j (©EGB + CD-l5i?D_i) , 


dM 


(3.6) 










where ©egb is the boundary contribution coming from variation of the action (2.1). 

Let us now dehne conserved quantities. They are associated with certain global symme¬ 
tries. In the theory of gravity, these symmetries are asymptotic isometries of the background. 
In our case we will be interested in the diffeomorphism invariance, 


^e9fiu — £e9iJLV — ( ■ 


(3.7) 


The variation of the total action Iren, which contains the Einstein-Gauss-Bonnet action as 
well as the Kounterterm action, can be succinctly written as 




^xn. 


dM 


N 


0^(e) + + CD-I di (e^BD-i) 


IbvrG 




(3.8) 


M 


where is the boundary contribution coming from the variation of the Einstein-Gauss- 

Bonnet action. It is now easy to read the conserved current from the variation of the action, 

r{e) = Q^{e) + ^e^C + CD-iNn^^d,{e^BD-i) • (3.9) 

The conserved charge Q[e] is in fact the boundary term appearing in the variation (3.8), 

Q[e]= j d^-^x^n^J^{e) . (3.10) 

dM 


The conserved charge is typically computed by integrating the density over a codimension two 
hypersurface. The Noether charge dehned above is not an integral over a codimension two 
space and, in general, it is not obvious that the boundary integral will reduce to an integral 
over a codimension one subspace of the boundary. In the case of Einstein-Gauss-Bonnet AdS 
theory, the conserved current projected along the outward pointing normal can be written 
as a total derivative. In the Gauss normal coordinates, the boundary integral can be further 
restricted to a codimension one subspace S of the boundary. The radial component of the 
conserved current can be written as 

r = = a, + ^„„)) , (3.11) 

where is the contribution of vacuum energy which is non-vanishing in odd dimensions 
only. The charge density tensor qj, in general, contains information about all the charges 
that a black hole can carry. In our case, however, this charge would be the mass of the black 
hole. This charge vanishes when evaluated in vacuum. Using the fact that can be written 
as a total derivative, we can re-express the Noether charge as an integral over a codimension 
one subspace of the boundary. 


Q[e] = j 

s 


(3.12) 
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where Ui is the unit time-like normal to the boundary of the spatial section described by the 
metric a. 


For global AdS space, in particular Fl] = 0, the charge density vanishes so that can 
be interpreted as the vacuum energy tensor of the spacetime (which cannot be observed in 
perturbative, background-dependent methods in EGB theory [18-20]). The fact that qj = 0 
in the vacuum suggests that qj should be factorizable by F, making this vanishing explicit. 
Indeed, denoting n = [D/2], it can be shown (see Appendix C.l and C.2) that the tensor q^ 
can always be written as 


„ Xbj2---j2n-l] 7^*177*2*3 /T*4---*2ra-l / 77\ 


(3.13) 


where is a constant that depends on dimension and the GB coupling, and {F) is 

a given polynomial of the AdS curvature in integral representation. 

To study the conserved charges further, we will have to consider two cases: (z) D is even 
and (ii) D is odd. This distinction is required for two reasons. The conserved charges are 
derived from the Kounterterms, and latter have one form in even dimensions and a different 
form in odd dimensions. This implies that the form of the charge density tensor also differs 
between odd and even dimensions. Second, the term vanishes in even dimensions but 
is nonzero in odd dimensions. As a result, it is convenient to split the discussion and study 
even-dimensional and odd-dimensional cases separately. 


3.1 Even dimensions, D = 2n 

The relevant Kounterterms in even dimensions are [9, 17] 


B2n-i = 2ny/Dh / (U K2 ( ^ Till - K/t 1 X 


[*1"'*27.-1] il \ 2 ^2^3 


J 2 33 


0 


V I — 77*271-2*271-1 J.2 ^*271-2 ^*271-1 

^ 2 J27.-2J27.-1 ^ ^j2n-2-^j2n-l j ’ 


(3,14) 


and the coupling constant in (3.5), hxed by the variational principle, is 


C2n-1 — 


f2 \n-l 


167rGn(2n — 2)! 


(3,15) 


The regularized charge density tensor (3.12) in even dimensions has the form 


qI = 


^[jj2'"j27i-l] ^*1 ^ 


167rG(2n-2)!2**-2 [*i-*2**-i 
[*2*3] 


X 


CS + 2«(27.-2)(2,.-3)flSj4:‘-.|...5, 


[*27i-2*27i-i] 

[J27i-2J27.-i] 


- (l-^{2n-2) (2n - 3) ) Bjg • • ■ 


2ck 




(3.16) 
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As discussed before, the tensor vanishes. The tensor qj can be factorized by in the 
form (3.13), in terms of an integral (C.6) involving only the AdS curvature tensor with the 
constant a„ = ■ The details of this calculation are given in Appendix C.l. 


Recall that the Weyl tensor decreases asymptotically as 

K; = Oil/r”-'). 


(3.17) 


Using the behaviour of in Eq.(2.19) and substituting it in the Eq.(2.9), we see that 
Fli = Wli + This allows us to trade the AdS tensor F^^ off in terms of the Weyl 

tensor in Eq.(3.13) because, according to (3.17), it decreases milder than for large 
distances. From Eq.(3.2), it is easy to see that 


K] = 


"eff 


C>(l/r’ 


(3,18) 


On account of the fall-off of the Weyl tensor and the behaviour of Aj, the expression of g* is 
equivalent (up to a relevant order) to 


4 = 


p2 'I'l-l 


167rG4ff (2n-2)!2 


n—2 


T/r/72*3 7-*4-"*2n-l/ri'i 
"N2-i2n-l] '^*^i2i3W4-i2n-l 


(3.19) 


We have substituted the AdS tensor F in the expression of J by zero because of its fast 
fall-off and the fact that higher powers of the Weyl tensor do not contribute to the conserved 
charge. 

Setting F = 0 in Eq.(C.6), we can evaluate the integral because it essentially becomes 
trivial, du = 1, 


77(0) = m 


n—2 


n — 1 




.n—2 


2a* 




n—2 


(3.20) 


As a result of this simplihcation, the charge density tensor also simplihes to 


7 

Qi = 


£es {n - 1 ) 


IOttG (2 n - 2)1277-2 


1 - 


2a* 


Mj2---j2n-l] pp*2*3 ^[*4*5] _ _ _ r[i2n-2*2n-l] 
[** 2 ---* 271 - 1 ] 32 js [jijs] [32n-2j2n-l] 


(3.21) 


The last expression can be calculated using the identity (A.3) given in Appendix A. For 
simplihcation of Eq.(3.21) the relevant values of the variables are N = 2n — 1, k = 2n — A 
and p = 2?7, — 1. This gives the relation 


r[ii2-j2n-l] X*4 . . . r*2n-l _ _ A]\ 

"[**2-*2n-l] ^4 Sn-l - ^^ [ii 


ditzis] 

[**2*3] 


(3.22) 


This further simplihes the expression of the charge density tensor and allows us to write it 
in a compact form. 


qI = - 


teff 


327rG (2n - 3) 


1 - 


2a* 


^[332j3] ^* 2*3 

[**2*3] 3233 ■ 
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(3.23) 











Expansion of the Kronecker delta implies ^j^jl — 25/ {W^l — 21E^/). Furthermore, 

since the Weyl tensor is traceless = 0), it enables to write the charge density tensor in 

terms of the electric part of the Weyl tensor, that is 



4ff 

8ttG (2n - 3) 



r r rf>^ 


(3.24) 


Recall that in the even spacetime dimensions, the tensor vanishes identically, . = 0. 
We can then use the result (3.23) and substitute it in Eq.(3.12), which in a straightforward 
manner (as in [7]) leads to 

(^ - li) / 


Our results are in agreement with those of [10], where the conformal mass was calculated 
in general quadratic curvature gravity using a different method. Restricting the coupling 
constants to EGB gravity in AdS space with the radius Gs, this charge matches Eq.(3.25). 


3.2 Odd dimensions, D = 2n+l 


The Kounterterms in odd dimensions are [9, 17] 

1 t 

0 0 

f q^i2n-li2n _ .2^*271-1 T^i2n I _f_ r*2n-l 
' ' \2 t2n-li2n ^ J2n-GJ2n £2^ ^j2n-Gj2n J ' 

The value of the coupling C 2 n which appears in the action (3.5) is 


X 


(3.26) 


(3.27) 


The expression for the charge density tensor g®, similar to the even-dimensional one (3.16), 
is given by Eq.(C.8) in Appendix C.2. This appendix also contains various technical details 
and identities required to simplify the form of g®. 

After an integral parametrization of the constant C 2 n and factorization of g® by Flj, the 
charge density tensor g/ takes the form (3.13), with the constant where 

7 = ^(2n-l)(2n-2). 

For completeness, let us write the expression of gj with all indices in place, 



^ ^271 

4”^“’ (1 - 7) 


rbi2i3*4---i2n] r*2*3 ( Tp\ 

^[ii2*3*4-"i2n] ^ ' 


(3.28) 
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As in the even-dimensional case, we use the asymptotic behavior of the Weyl tensor (3.17) 
and the relation Flj = Wlj + to conclude that the AdS tensor and Weyl tensor 

have the same fall-off at the leading order, and 




"eff 


(3.29) 


This allows us to replace F by IT in Eq.(3.28). The tensor J7 depends on F, but since 
higher powers of F would fall off faster, they do not contribute to the conserved charge. We 
will therefore substitute F = 0 in the expression of J7 and the explicit AdS tensor in the 
expression of g* will be replaced by the Weyl tensor W. Thus, 


^ C2n feff r[ij2i3M-"t2n] pr/i 2*3 jU-'-hn (n\ 




(3.30) 


The integral J7, after setting F = 0, reads 


J7(0) = J du 
0 


-(n-1) 


u 


2(n-l) _ tr, _ 


(n — 1) (n — 2) 7 / ds s {u^ — s) 


n—3 


We can carry out the integral involving the variable s using 


(3.31) 


^ ’ (n-l)(n-2) 


(3.32) 


Substituting Eq.(3.32) in Eq.(3.31), we get 


J7(0) = i du [-{n - 1) + ^ {u^ + n - 2)] {u^ - l) 


n—2 


(3.33) 


It is now easy to use the identity Eq.(C.lO) to write 

I iv-i («-1)!(«-2)!22"-‘ / _ 2n-3 


(3.34) 


This form of J7(0) simplihes the expression of the charge density tensor, which can now 
be written as 

32.i|^0-S^)^K3''^^ (3-35) 


Qi = 


-eS 


In the end, we see that both in even dimensions (3.23) and odd dimensions (3.35), the 
expression of the charge density tensor is of the form 


Qi = - 


teff 


, 1 _ 5fF2i3] 

327rG (F - 3) V ' '**"*"’ ' 


(3.36) 


Thus, the conserved charge Qegb[^] in odd dimensional is also given by the expression (3.25). 
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4 Conclusions 


In this paper, we have shown that the information regarding mass and other conserved 
quantities for AAdS solutions in EGB theory is always contained in the electric part of the 
Weyl tensor. This comparison has been carried out by direct expansion of the charge formulas 
obtained within the Kounterterm regularization for AdS gravity, just assuming a standard 
asymptotic fall-off of the metric. 

The asymptotic charges are derived using the surface terms in the variation of the action, 
which includes boundary terms. A key role is played by the appearance of the Weyl tensor 
in this surface term, only for a fine-tuned coupling Cd given by Eq.(3.15) in even dimensions 
and Eq.(C.9) in odd dimensions. 

This form of the surface term does not lend itself to a clear dehnition of the quasilocal 
stress tensor, because the counterterms added here are extrinsic and not purely intrinsic, 
as in the standard methods in EGB theory [21, 22]. However, the general expression of the 
variation of the action can shed some light on the problem of separability of the quasilocal 
stress tensor in odd dimensions. In particular, the quasilocal stress tensor should contain a 
piece which is written in terms of the electric part of the Weyl tensor and the rest should give 
rise to the terms which contribute to the vacuum energy for the AAdS space, as in Eq.(3.12). 

Since the expression for the surface term is the same regardless of the type of variation 
performed, any transformation of the fields will preserve the vacuum conhguration, as the 
Weyl tensor vanishes identically for maximally-symmetric spacetimes. At the same time, at 
least in even dimensions, the value of the action is identically zero for global AdS. 

In the Kounterterm regularization method, the action is stationary under arbitrary vari¬ 
ation of the fields, including the contributions that appear at the boundary, provided we 
impose specihc asymptotic conditions on the curvature. This method can be used to study 
supersymmetric extensions of the AdS gravity action. The closure of supersymmetry not 
only in the bulk, but also at the boundary, might be the ultimate reason behind the success 
of the Kounterterm regularization method. In this regard, there is new evidence supporting 
this claim given in Ref. [23] that in four dimensions, demanding the vanishing of (super) AdS 
curvature at the boundary, one is able to £x the coupling of Gauss-Bonnet term. Recall that 
the addition of the GB term is equivalent to Holographic Renormalization in 4D AdS gravity 
[24]. It would be interesting to use this to extend the relation between renormalized AdS 
action and supersymmetry [23] to higher dimensions. 
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A Kronecker delta of rank p 


In this appendix we will write down the notation for the rank p Kroneckar delta. This notation 
is taken from Ref. [17]. The totally-antisymmetric Kronecker delta of rank p is defined as the 
determinant 




Ml 

. . 

Ml 

■ 

O/ii 



X’^P 

^M 2 


sz ■■ 

OfMp 


(A.l) 


A contraction oi k < p indices in the Kronecker delta of rank p produces a delta of rank 
p-k, 

_ (A^ — p + k)\ . 

(N — p)\ ifkk+i-fip] ' 


where N is the range of indices. 


If N is the range of indices, a contraction of k indices in the Kronecker delta of rank p 
produces a delta of rank p — k, 


rlui-’-Uf-Up] _ . AMfc = (A^ P+ k)\ Puk + i---Up] 


(A.3) 


B The Lanczos Tensor in EGB AdS Schwarzschild back¬ 
ground 


Consider the Einstein-Gauss-Bonnet AdS-Schwarzschild solution [15] 


ds^ = -f[r)de+ 


fir) 


fir) = k + 


2a* 


1± A l-Aa* 




£2 




The Lanczos tensor (2.4) for this solution is given by 


H; = =-{D-2){D-3){D-A) 


f-k ff D-bf-k 


-h 

r 


HI = -{D-^){D-A)51 


f-kf 


f C"+(fj +2(D-5) ^ 


+ i (D-5)(D-6) 


(B.l) 


(B,2) 


(B.3) 
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The Lanczos tensor can be defined in terms of an anxiliary function P(r) = The 

components of the tensor can be written in terms of the components of the Lanczos 
tensor as 


X 


tr 

tr 




2a 2aH a* 

(c-i)(r>-2) “<5: 





(B.4) 


C Useful identities in EGB AdS gravity 


Here we present the detailed derivation of the charge density tensor in even and odd di¬ 
mensions. We manipulate them to write in a simpler form which is quoted in the main 
text. 


C.l Even dimensions 


In P = 2n dimensions, the regularized charge density tensor is given by the formula (3.16), 
which can be explicitly written down using the definition of the rank p Kronecker delta given 
in Eq.(A.l), 


7 

Ql = 


167rG (2n-2)!2^-2 

- (-4) 




(5^1 + 2a (2n - 2) (2n - 3) R) 


n—2 


" ' ^ 1 - ^ (2n - 2) (2n - 3) ) P""' 


(C.l) 


where is a shorthand notation for and similarly is the Kronecker delta of rank 

2?7, — 1 with j being the only unpaired index. This expression of qj can further be simplified 
by defining 

1 9n, 

(C.2) 


= 7 = ^(2n-2)(2n-3). 

^eff ^eff 


Using Eq.(C.2), we can write the charge density tensor given in Eq.(C.l) as 


(li = 




,n—l 


I6.G (2n - 2)!2-U'' 

This form of the charge density tensor can now be manipulated using the following identity. 


Rn-i _ (_A)"-i = (n - 1) (P + A) / du [u (P + A) - A] 


n—2 


(C.4) 


This identity allows us to write ql as an integral formula. 


(_n2 

'i = 16 .G( 2 ;- 2 ! 2 ~-^ + A) > 


(C.5) 


16 










where the function + A) contains the integral over the variable u, 


J{R + A) = I du 2) [u (R + A)- A]”"^ - (n - 1) [u (R + A)- A]'^"" } . (C.6) 


171 — 2 


Although it is not obvious from the form of the integral, the quantity J'{R + A) is an 
antisymmetric tensor with 2n — 4 covariant and 2n — 4 contravariant indices. To see this 
explicitly, let us substitute the form of A in the expression of J'{R + A). Since i? + A is 

:pij _ pij I 1 r[n] 
kl — ^kl ^[kl]^ 


exactly the AdS curvature F^, = RV, + ^ sfjl , the charge density tensor ql can be written 


as 




>2 \n-l 


„3 _ _ V ^etty _ z[jj2---j2n-l\ ^*1 n-^i---^2Ti-l f Tp\ 'r'l 

IGttG (2n — 2)!2”“^ * i2i3'-^j4'"i2n-A >' 


C.2 Odd dimensions 


In odd D = 2n + 1 dimensions, the formula for the charge density tensor reads [9, 17] 


Qi = 


^lm";j2u] Kh^i2 ^ 


167rG(2n-l)!2"-2 
X 


+ 2a (2n - 1) (2n - 2) 

b3j4] ^ ^ ^ ^ J33i I [jsje] b2n-lj2n] 


+ 16iG (2n - l)<nc,„ j du il*"! 

0 ® 


p*2n-l*2n ^ r[*2n-l*2rt] 

^j2n-lj2n p2 ^[j2n-lj2n] 


(C.8) 


where the constant C 2 n has the form (3.27), or equivalently 


1 ^ f 2a , 

C2n = --rr 1 - 2n - 1 2n - 2 

167rGn 2n-l V ^efi 


du {u^ — l) 


n—1 


(C.9) 


The equivalence between (3.27) and (C.9) is explicit after evaluating the integral. 


^ ^ ’ {2n-l)\ 


(C.IO) 


The charge (C.8) can be written in a more compact form by suppressing repeated indices. 


Qi = 


167rG(2n- 1)!2 


71 — 2 


gj[2n-l] ^ g 


+ 2a{2n - l)(2n - 2) R) ((fl^l) 


71 — 2 


+ 167rG(2?7, — 1)! nc 2 n I du i R + <5^^^ 


-efT 


n—1 


(C.ll) 
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This compact notation is the same as the one used in Appendix C.l. However, instead of 
carrying out this integral, we will pull out the constant C 2 n so that the w-integral is introduced 
in the first line as well. With this rearrangement, the charge density tensor can be written 
is a compact form as an integral 


0 


(C.12) 


where we have used the same notation as in the even-dimensional case but with 2n replaced 
by 2n + 1, 

A = 7 = ^ (2n-l)(2n-2) . (C.13) 

The integrand is given by 


Q{R,u) 



- 1 )” ^ - {R + u'^Ay ^ 

{u^-iy-^ + {R+u^Ay-^ 


(C.14) 


As in the previous subsection C.l, we will repeatedly use the formula (C.4) to factorize the 
expression of Q so that a factor of A -I- i? can be pulled out. 


Let us consider the hrst line of Eq.(C.14). Using the formula (C.4), we get 


— l)"” ^ A” ^ — (i? -|- u^Ay ^ = — {n — 1) (R + A) j ds — s) A -|- (1 — s) i?]” ^ . 

(C.15) 

The second line of Q in Eq.(C.14) needs repeated application of the formula (C.4). Before 
we use Eq.(C.4), let us first write the term as 

[R + u^Ay~^ + i?A^-2 (m2 _ ly-^ = {R + A) (A"-V("-^) + Y) , (C.16) 


where the tensor Y is determined by demanding that it satishes 


{R + A)Y= {R + u^A) 


n-l 


u-Ay ^ 


+ RA^ 




2 \ n-l 


(C.17) 


To extract the form of Y, we will manipulate the right-hand side of (C.17). This is done by 
applying Eq.(C.4), which results in 


{R + A)Y = {n-l)R ds {sR + u^A) 


> n—2 


,n-2 /_2 


(u^ - s) 


n—2 


(C.18) 


The expression on the right of (C.18) is still not convenient for us to read out the formula 
for Y. We will apply the same formula for the second time to the expression in the square 
brackets in (C.18). This gives us the desired result. After stripping off the i?-|- A factor, we 
obtain 


Y = {n — 1) {n — 2) R / ds s / dt [tsR + {u^ — s + ts) A] 


n—3 


(C.19) 
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Using Eqs.(C.15), (C.19), we can finally write the integrand Q{R,u) in the factorized form, 


Q{R, u) = {R +A) {-{n-1) ds - s) A + (1 - s) i?] ” +7 A"" 


1 1 


+ (n — 1) (n — 2 ) '-yR / ds s dt [tsR + — s + fs) A] 


n—3 


(C. 20 ) 


0 0 


Substituting this expression of Q{R,u) in the integral representation of the charge density 
tensor, we get 


j 

Qi = 


2n-2 (I _ 


p[2n-l] (R + A) 5 du 


1 

(1 - n) J ds p + (1 ~ 5 ) R^ 


n—2 


7 


p2{n 2) 


(iPi) 


’"-2 ^2(n-l) 


1 1 


+ (n — 1) (n — 2) yi? ds s dt itsR + 


0 0 


— s + ts 

^eff 


^[ 2 ] 


n—3 


(C. 21 ) 


Like in the even-dimensional case we will write the charge density tensor in a compact form 
using 

1 

J{R + A) = -{n-1) [ ds\ [{u^ -s)A + {l-s)R] + 7 


1 1 


-|- (n — 1 ) (n — 2 ) jR I ds s I dt [tsR + {u^ — s - 1 - fs) A]” ^ . (C. 22 ) 


0 0 


Here, to simplify the notation, we have suppressed indices on J. As mentioned in the previous 
subsection, i?-|-A is equal to the AdS curvature Flj = R]^^ + ^ We can therefore replace 
i? -|- A in the charge density expression by the AdS tensor F, 


7 

Qi = 






where again we have suppressed repeated indices on the Kronecker deltas. 


(C.23) 
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